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Abstract
It is proved that every pure state on a C∗-algebra A is an exposed point in the state space
of A.
 2002 Elsevier Science (USA). All rights reserved.
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If C is a convex set in a complex topological vector space X with topology τ ,
then an element ω ∈ C is a τ -exposed point of C if there is a τ -continuous linear
map f :X→ C such that Ref (γ ) < Ref (ω), for every γ ∈ C\{ω}. Thus, ω is
an exposed point of C (relative to the given topology τ ) if there is a supporting
hyperplane forC that passes throughω but does not contain any other points of C.
In the case where X is a Banach space and τ is the metric topology that is induced
by the norm on X, then τ -exposed points of C are simply called exposed points.
A τ -exposed point of a convex set is necessarily an extreme point of that set, but
there are convex sets with nonexposed extreme points.
Some convex sets of interest in operator theory are the unit balls in a C∗-
algebra, its predual, and its dual; the extreme and exposed points of these sets
have been studied by Akemann and Russo in [1]. Similarly, the exposed points of
the unit ball of bounded operators on Hilbert spaces have been characterised by
Grzaslewicz [2].
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In the present note it is proved that every pure state is exposed in the state space
of a C∗-algebra.
States on C∗-algebras
Let A denote a C∗-algebra and let A+ be the positive cone of A. The state
space of A is the weak*-compact convex set of all norm-continuous linear maps
ϕ :A→ C such that ϕ(A+)⊆ R+0 and ‖ϕ‖ = 1. By the Krein–Milman theorem,
S(A) has extreme points; these are called pure states.
In [1], Akemann and Russo prove the following interesting result.
Theorem A (Akemann and Russo). The following statements are equivalent if A
is a separable unital C∗-algebra.
(a) ϕ is an extreme point of S(A).
(b) ϕ is an exposed point of S(A).
(c) ϕ is a weak*-exposed point of S(A).
Moreover, there are nonseparable abelian C∗-algebras that possess at least one
pure state that is not weak*-exposed.
The purpose is to draw attention to the fact that statements (a) and (b) are
equivalent for every C∗-algebra.
The enveloping von Neumann algebraA′′ ofA contains (an ∗-isomorphic copy
of) A as a C∗-subalgebra and every state ϕ on A has a unique extension to a
normal state ϕ˜ on the von Neumann algebra A′′. The dual space A∗ is spanned
by states on A and A∗ is isomorphic to the Banach space (A′′)∗ of normal states
on A′′. Thus, A∗∗ can be identified with the von Neumann algebra A′′. These
identifications are explained in [3]. In particular, the following result from [3]
will be useful.
Lemma B [3, 3.10.7, 3.13.6]. Let A be a C∗-algebra and A′′ its enveloping
von Neumann algebra. If ϕ is a pure state on A and if Lϕ denotes the set
{x ∈A: ϕ(x∗x)= 0}, then
(1) kerϕ = Lϕ +L∗ϕ , where L∗ϕ denotes the set {x ∈A: x∗ ∈ Lϕ}, and
(2) there is a projection p ∈ A′′ such that 1 − p is a minimal projection in A′′,
ϕ˜(p)= 0, and Lϕ = {x ∈A: x = xp}.
Theorem 1. A state on a C∗-algebra is pure if and only if it is exposed in the state
space.
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Proof. We need only prove that pure states are exposed.
Let ϕ be a pure state on a C∗-algebraA. By Lemma B, there is a projection p ∈
A′′ such that ϕ˜(p)= 0 and Lϕ = {x ∈A: x = xp}. Let ∼ be the isometric isomor-
phism from A∗ onto (A′′)∗ and define a linear mapping f :A∗ → C by f (θ)=
θ˜ (1 − p), for every θ ∈ A∗. Via the isometric isomorphism between the Banach
spaces A∗∗ and A′′, this linear map f is norm-continuous; hence, f ∈A∗∗.
Observe that f (ϕ)= 1; if ψ ∈ S(A), then
f (ψ)= ψ˜(1− p) ‖ψ˜‖‖1− p‖ = 1.
Thus, f is a support functional for S(A) at ϕ. Let Eϕ = {ψ ∈ S(A): f (ψ)= 1}.
Because Eϕ is the intersection of the norm-closed set f−1({1}) and the weak*-
closed set S(A), Eϕ is weak*-closed and, hence, weak*-compact. Furthermore,
Eϕ is plainly convex, and so Eϕ is determined by its extreme points. It is sufficient
to show that ψ = ϕ, for any extreme point ψ of Eϕ .
Let ψ be an extreme point of Eϕ . If ψ = 12 (ϕ1 + ϕ2), for some ϕ1, ϕ2 ∈ S(A),
then
f (ψ)= 1
2
(
f (ϕ1)+ f (ϕ2)
)
,
which implies that ϕ1, ϕ2 ∈Eϕ . Hence, ψ = ϕ1 = ϕ2, which is to say that ψ is an
extreme point of S(A).
Because ψ is a pure state, kerψ = Lψ + L∗ψ . If x ∈ Lϕ , then x = xp and
so 0  ψ(x∗x)= ψ˜(p(x∗x)p) ‖x‖2ψ˜(p)= 0. Thus, Lϕ ⊆ Lψ , implying that
kerϕ ⊆ kerψ (Lemma B). The kernel of any nonzero linear functional on A has
co-dimension 1, and so ϕ and ψ are linearly dependent. But ϕ and ψ are positive
preserving; hence, ϕ =ψ . ✷
Weak*-exposed states are somewhat harder to identify because in the case of
nonseparable algebras there can be states that are exposed but not weak*-exposed.
The following result is of interest in that it provides easy examples of weak*-
exposed points for some separable and nonseparable algebras. We shall denote
B(H) and K(H), the C∗-algebra of all bounded operators and compact operators
on a Hilbert space H , respectively.
Theorem 2. If A⊆ B(H) is a C∗-subalgebra with K(H)⊆A, then every vector
state x → 〈xξ, ξ〉 on A, for some fixed unit vector ξ ∈ H , is a weak*-exposed
point of the state space of A.
Proof. Let ξ ∈ H be a unit vector and consider the vector state ϕ(a)= 〈aξ, ξ〉,
for a ∈ A. Let p = ξ ⊗ ξ , the projection onto Span{ξ}, and define a linear
map f :A∗ → C by f (ψ) = ψ(p), for ψ ∈ A∗. Then f is weak*-continuous
and, if ψ is a state on A, then 0  f (ψ) = ψ(p)  ‖ψ‖‖p‖ = 1. In addition,
f (ϕ) = ϕ(p) = 〈pξ, ξ〉 = 1. Thus, f is a weak*-continuous support functional
for S(A) at ϕ.
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As in the proof of Theorem 1, if Eϕ = {ψ ∈ S(A): f (ψ) = 1}, then Eϕ is
convex and weak*-compact, and every extreme point ψ of Eϕ is also a pure state
of A.
Let ψ(·) = 〈π(·)ξψ , ξψ 〉 denote the Gelfand–Naimark–Segal decomposition
of ψ . Note that π is an irreducible ∗-representation of A on a Hilbert space Hπ
(becauseψ is a pure state). Thus, either K(H)⊆ kerπ or π is unitarily equivalent
to the identity representation A→ B(H). Because p ∈ K(H) and ψ(p) = 1, it
cannot be that K(H)⊆ kerπ ; thus, there is a unitary operator u :H →Hπ such
that π(a)u = ua, for all a ∈ A. Hence, there is a unit vector γ ∈ H such that
uγ = ξψ , and so, for every a ∈A,
ψ(a)= 〈π(a)uγ,uγ 〉= 〈uaγ,uγ 〉 = 〈aγ, γ 〉.
Thus, 1 =ψ(p) = 〈pγ,γ 〉 1, which implies that γ ∈ Span{ξ} and, finally, that
ψ = ϕ. ✷
From the theorem above and by the fact that all pure states on K(H) are vector
states, one the following result is immediate.
Corollary. Every pure state of K(H) is weak*-exposed.
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